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Visualisation of Numbers

The visual representation of the number of elements in a set by an array of small
countersor other standarthlly marks is still seen in the symbols on dominoes or playing cards,
and in Roman numerals. The word "calculus” originally meant a small pebble usdduiate
Bear with me while we begin with a few elementary observations.

Any number, n greater thal, can be represented by a linear arrangement of n counters.
The cases of 1 or O counters can be regarded as trivial or degenerate linear arrangements.

The counters that make up a number m can alternatively be grouped in pairs instead of
ones, and wefid there are two cases, m ;adr 2n + 1 (where the dot denotes multiplication).
Numbers of these two forms are of course knowevasnandodd respectively. An even number
is the sum of two equal numbers, n+n ;A.2An odd number is the sum of tvauccessive
numbers 2 + 1 = n + (n+1). The even and odd numbers alternate.

Figure 1.Representation of numbers by rows of counters, and of even and odd numbers
by various, mainly symmetric, formations. The rigimgled (L-shaped) formation of the odd
numberds known as gnomon These do not of course exhaust the possibilities.
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Triples, Quadruples and Other Forms

Generalising the divison into even and odd numbers, the counters making up a number
can of course also be grouped in threes or fours or indeed any nonzero number k. A number m of
counters is either an exact multiple of a k or there are some countetbales$s left over. That
is m can be uniquely expressed in the form mr=tkr where n is called thguotient and r the
remainder (and either may be zero). Thus the number k divides the set of all numbers, up to any
chosen value, into k classes accordiagre remainder ris 0, 1, 2, ...J i§. That is numbers are
of the kforms k.n, kn + 1, kn+ 2, ..., kn + (K 1).

Numbers that are multiples of k (which we clatuples or in specific casedriples,
guadruples, quintuples, sextuples and so on) cahe arranged visually in the form of eskded
polygonal path. The polygon formed bykhas n+1 counters along each edge. The polygon can
be shown with any angles, but the most populareigular, with all angles equal (i.e.
equiangular) and all sides @l length (i.e. equilateral) in which case the circular counters can
be touching, or at least equally spaced.

Numbers of the form .k + 1 can be visualised by k lines of length n+1 meeting at a
common point (in the case of k = 4 we get an equaled €oss).

Numbers of the form .k + (ki'1l) can be visualised as k parallel lines each of length n
with the (K 1) single counters separating the lines.

These patterns do not of course exhaust the possibilities.

Figure 2 Representations of TriplesBandTriforms 3n + 1 and 31 + 2.
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Triangles

The termtriangular number is applied to a number of counters that can be arranged to
form an area bounded by a triangular path and to fill that area in apeoked fashion. It will
be seen, by dividing a triangle into rows (which we may colour light and dark, indicating odd
andeven) that a triangular number is the sum of all the numbers from O (or 1) to n.

A formula for the general triangular number is n.(n+1)/2. This can be proved by
arranging the numbers 1 to n and n to 1 in two rows and noting that each pair of numb¢os add
n+1, and that there are n pairs, so that the sum of the two equal rows is n.(n+1). The fractional
expression n.(n+1)/2 is always a whole number since n and n+1 are successive, SO one must be
even. It is sometimes convenient to denote the nth triangutaber as n.

Figure 3. The first few nonzero triangular numbers, shown as -agigied or
(approximately) equilateral triangles of counters.
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Squares

The termsquare number is applied to numbers that can be shown as an array of n rows
and n columns, thus containing n.n <counters. A nonzero squaréia the sum of all the odd
numbers from 1 to (2.h 1). This can be visualised by cutting up the square into gnomons. A
norzero square mis also the sum of two successive triangular numbers, that isAm = (ri
1).n/2 + n.(n+1)/2 * (ni'1l) +r n, as can also be readily visualised.

Figure 4.lllustrating square numbers as a sum of odd numbers, or of two successive
triangula numbers. Any square can be regarded as a nesting of quadruples in the form of square
paths, around a central O or 1, showing squares are of the forms 4.n or 4.n + 1.

Figure 5.Squares can also be visualisedrihombic and triangular arrays (of the type
sometimes called "pyramids”) in which the successive rows are the odd numbers.



